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Abstract
The observable line shape of the spontaneous emission depends on the procedure of atom’s
excitation. The spectrum of radiation emitted by a two-level atom excited from the ground state
by a pi pulse of the resonant pump field is calculated for the case when the Rabi frequency is much
larger than the relaxation rate. It is shown that the central part of the spectral distribution has
a standard Lorentzian form, whereas for detunings from the resonance that are larger than the
Rabi frequency the spectral density falls off faster. The shape of the wings of the spectral line is
sensitive to the form of the pi pulse. The implications for the quantum Zeno effect theory and for
the estimates of the duration of quantum jumps are discussed.
PACS numbers: 42.50.Ct, 42.50.Lc, 32.70.Jz
We shall treat the problem of the natu-
ral line shape - the shape of the spectral line
of the spontaneous emission - the radiation
emission by a secluded atom accompanying
the transition from the excited state (to some
lower one) that originates from the interac-
tion of the atom with the quantized electro-
magnetic field. In what follows we use the
model of the two-level atom with the excited
state |2〉 and the ground state |1〉 with the
energies E2 and E1 respectively, which are
connected by the electrical dipole transition.
The theory originally developed by Weisskopf
and Wigner [1] starts with the assumption of
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the exponential decay of the amplitude of the
initial state,
B (t) = e−γt. (1)
It yields the Lorentzian line shape,
S (ω) =
1
pi
·
γ
(ω0 − ω)
2 + γ2
(2)
where ω0 = (E2 − E1)/h¯ is the transition fre-
quency (h¯ is the Planck’s constant). The nat-
ural linewidth is γ = Γ/2, where the transi-
tion rate Γ is given by the equality
Γ =
2pi
h¯
|Vnk|
2 ρ (Ek) , (3)
that was originally derived by Dirac [2] and
now is universally known as the Fermi golden
rule. In Eq. (3) n and k denote the initial
1
and final states of the system ”atom + field”,
Vnk are the matrix elements of the interaction
of atom with the quantized field, and ρ(Ek)
is the energy density of the final states. The
summation over the quantum numbers others
than energy is carried out.
The expression (3) includes the values of
the matrix elements and of the density of
states on the energy surface E = En = Ek.
Since the relative variations of Vnk and ρ(Ek)
within the main peak of the spectral line (2)
in the optical range have values about γ/ω0 ∼
10−8, the Lorentzian line shape promises to
be very accurate. To my knowledge, the de-
viations from (2) were never established ex-
perimentally.
However, from the theoretical point of
view the Lorentzian form of spectrum is ir-
ritating. On one side, this expression can not
be universally valid, since the negative fre-
quencies of photons are physically meaning-
less. On the other side, Eq. (2) gives for the
mean frequency of the radiation ω the expres-
sion that diverges - literally logarithmically,
but even faster, if the energy density growth
ρ ∝ ω2 is taken into account [3].
The line shape Eq. (2) can be inter-
preted as the form of the energy distribution
W (E) = h¯−1S (h¯ω) for the quasistationary
initial state of the system |Ψ (0)〉. The law
of decay of the initial state is given by the
Fourier transform of the energy distribution,
Φ (t) = |〈Ψ (0) | Ψ (t)〉|2 (4)
=
∣∣∣∣
∫
W (E) exp
(
−i
Et
h¯
)
dE
∣∣∣∣
2
.
The Lorentzian form of the energy distribu-
tion leads to the exactly exponential decay
law Φ (t) = e−Γt, that makes the Weisskopf
and Wigner theory self-consistent. Thence
the problem of the natural line shape can be
reformulated as the problem of the law of the
decay of the initial state: deviations from Eq.
(2) will lead to the nonexponentiality of the
decay - and vice versa. The additional incen-
tive to study the detailed form of the initial
stage of the decay law came from the con-
cept of the quantum Zeno effect [4, 5]. If
for small times the decay law is quadratic,
Φ (t) ≈ 1 − (t/τZ)
2 (the parameter τZ is
known as the Zeno time), then frequent mea-
surements of the energy of the system will
prevent the decay of the initial excited state.
This property permitted Schulman [6] to in-
troduce the estimate for the duration of the
quantum jump between the atomic states as
the crossover time from the quadratic decay
to the exponential (Fermi) decay:
τJ = Γτ
2
Z . (5)
The logic behind this definition is lucid: if
the measurement can influence the kinetics
of the quantum jump, then it has not been
completed yet.
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Several authors have attempted to calcu-
late the Zeno time τZ for the spontaneous
emission of radiation [6, 7, 8]. They have
used the two-level model of the atom; in this
case the account of the momentum of the
emitted photon suppresses the matrix ele-
ments in the high frequency domain and ef-
fectively truncates the Lorentzian line shape
at the frequencies around ω+ = α
−1ωa, where
α = e2/h¯c is the fine structure constant (e
is the electric charge of the electron and c
is the speed of light), and the atomic fre-
quency unit ωa = me
4h¯−3 (m is the elec-
tron’s mass). However, the results of these
authors contradict their assumptions: if the
hydrogen atom in the initial state 2p can in-
deed emit a photon with the energy about
E+ = h¯ω+ = 3.7 keV, then there is no reason
to limit the channels of decay by the tran-
sition only to the state 1s. With the ac-
count of all possible transitions the dispersion
∆ω2 of the energy distribution of the initial
state diverges; that prohibits the existence of
the quadratic stage of the decay and makes
τZ = 0.
We note that the influence of the trunca-
tion of the Lorentzian shape (2) in the do-
main ω < 0 on the decay law has been stud-
ied in Ref. [9]. This truncation diminishes
the initial decay rate by half, but doesn’t lead
to the quadratic decay.
The physically unsatisfactory divergences
of ω and ∆ω2 are rooted in the unphysical
initial conditions. It is a commonplace of
the theory of quasistationary states that their
properties depend on the procedure of their
preparation [10]. Therefore this procedure
must be taken into account explicitly. The
importance of this approach in the problem
of the natural line shape was noted long time
ago [11].
Let’s assume that the atom initially was
in the ground state |1〉 and then was excited
by a pulse of the resonant pump field (of the
frequency ω0) that has the properties of the pi
pulse [12], that conveys the two-level system
(in the absence of relaxation) from one state
into the other. We take the Hamiltonian of
the system in the form
Hˆ = Hˆa + Vˆq + Vˆc + Hˆf , (6)
where Hˆa and Hˆf are the Hamiltonians of the
two-level atom and of the quantized field re-
spectively, and Vˆq and Vˆc take account of the
atom’s interaction with the quantized radi-
ation field and with the classical pump field
correspondingly. In the dipole approximation
we have
Vˆq =
∑
λ
vˆλ, vˆλ = −
e
m
√
2pih¯
L3ωλ
pˆeλ
[
aˆ+λ + aˆλ
]
(7)
where the index λ numerates the modes of
the quantized field. Here L3 is the quanti-
zation volume, pˆ is the operator of the mo-
mentum of the atomic electron, ωλ and eλ
are the frequency of the photon and the po-
larization vector of the mode λ respectively,
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and aˆ+λ and aˆλ are the creation and annihi-
lation operators for this mode. The operator
Vˆc is
Vˆc =
e
mω0
pˆE (t) cosω0t, (8)
where E (t) is the envelope of the electric field
of the pulse.
The state vector of the system can be ex-
panded as
|Ψ (t)〉 = A |1,V〉 e−iω1t +B |2,V〉 e−iω2t (9)
+
∑
λ
Cλ |1, λ〉 e
−i(ω1+ωλ)t,
where |j,V〉 denote states of the system with
the atom in the state |j〉 and the field in the
vacuum state; in the state |1, λ〉 the atom is
in the ground state |1〉, one photon is present
in the mode λ, and there are no photons in
other modes; ωj = Ej/h¯.
The evolution of the system is governed
by the system of equations
i
dA
dt
= BΩ (t) cosω0te
−iω0t, (10)
i
dB
dt
= AΩ (t) cosω0te
iω0t +
∑
λ
uλCλe
i∆λt,
(11)
i
dCλ
dt
= uλBe
−i∆λt. (12)
Here Ω (t) is the (time-dependent) Rabi fre-
quency, Ω (t) = epˆ12E (t)/mω0h¯, where pˆ12
is the matrix element of the momentum be-
tween the states |1〉 and |2〉,
uλ = −
e
m
√
2pi
L3h¯ωλ
p12eλ, (13)
and ∆λ = ω0 − ωλ is the frequency detuning
between the atomic transition and the emit-
ted photon.
Let’s consider the pi pulse with the rect-
angular envelope,
Ω (t) = Ω
(
−
pi
Ω
< t < 0
)
, (14)
Ω (t) = 0 otherwise,
and assume that the Rabi frequency is much
larger than the relaxation rate, Ω≫ γ. Then
throughout the duration of the pulse we can
neglect the spontaneous radiation, and take
into account only the pump field. Thus from
Eqs. (10) and (11) with the initial conditions
A (−pi/Ω) = 1, B (−pi/Ω) = 0 in the rotating
wave approximation we obtain
B (t) = −i sin
Ω
2
t
(
−
pi
Ω
< t < 0
)
. (15)
To describe the second stage, that of the free
emission, we can use the exponential decay
of Eq. (1):
B (t) = −ie−γt (t > 0) . (16)
By substitution of Eqs. (15) and (16) in Eq.
(12) and integration we obtain for the limit-
ing values of amplitudes Cλ:
Cλ (∞) = −uλF (ωλ) , (17)
where the spectral amplitude is given by the
expression
F (ω) =
2Ω exp
(
ipi∆
Ω
)
− 4i∆
Ω2 − 4∆2
+
1
i∆+ γ
.
(18)
The spectral distribution of photons is
S (ω) = N |F (ω)|2 , where N is the normal-
ization constant; in our case N ≈ γ/pi. The
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explicit expression for S (ω) is too cumber-
some; it is more convenient to work with the
formula (18).
Firstly, it must be noted that the first term
in the RHS of (18) is regular at ∆ = ±Ω/2,
since at these points both the numerator and
the denominator have simple zeroes. Sec-
ondly, for small frequency detunings |∆| <∼ Ω
the second term in the RHS of (18) domi-
nates, and the line shape is given just by the
standard Lorentzian form (2). Thirdly, for
large |∆| ≫ Ω ≫ γ, after expanding both
terms in negative powers of ∆, we find that
two terms of the order ∆−1 cancel each other.
The dominating contribution comes from the
term
F (ω) ≈ −
Ω
2
exp
(
i
pi∆
Ω
)
∆−2, (19)
that defines the asymptotics of the spectral
density
S (ω) ≈
γ
4pi
Ω2
∆4
. (20)
It decreases rapidly enough to provide a finite
average value of the frequency of the emitted
photons ω (that in our approximation is in-
distinguishable from the transition frequency
ω0) and the finite value of the frequency dis-
persion ∆ω2 ≈ 0.39ΩΓ.
It must be noted that the behavior of the
wings of the spectral line depends on the form
of the envelope of the pi pulse. We have cal-
culated the spectral density S(ω) also for the
pi pulse with the sine envelope:
Ω (t) = −
pi
2
Ω sinΩt
(
−
pi
Ω
< t < 0
)
, (21)
Ω (t) = 0 otherwise.
The results are compared in Fig. 1 with the
Lorentzian line shape and the spectral distri-
bution for the rectangular envelope. It can
be seen that for both types of pulses the
crossovers between Lorentzian and asymp-
totic forms occur at ∆ ∼ Ω.
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FIG. 1: The dependence of the logarithm of the
spectral density ln S on a scaled frequency de-
tuning ∆/γ for the Rabi frequency Ω = 10γ.
Solid line - the Lorentzian form (2), dashed line
corresponds to the rectangular envelope of the
pi pulse, Eq. (14), dotted line - the same for the
sine pulse envelope, Eq. (21).
The finite dispersion of the frequency de-
fines the Zeno time of the system [6]; thus
τZ = (∆ω
2)
−1/2
∼ (ΩΓ)−1/2. Then from
Eq. (5) we obtain a somewhat trivial esti-
mate for the duration of the quantum jump
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in our case, τJ ∼ Ω
−1. It must be noted that
indefinite increase of the amplitude of the pi
pulse will eventually violate the applicabil-
ity of the two-level model. The transitions
to other states of the system are necessar-
ily important if the Rabi frequency is com-
parable to the transition frequency, Ω ∼ ω0.
Thus our model assures that the duration of
the quantum jump accompanying the spon-
taneous emission from a given transition will
always be larger than the field period, τJ >∼
ω−10 . This inequality is almost universally ac-
cepted by the community of physicists on the
grounds of common sense and is reflected in
the literature [14].
Our analysis is limited by the domain
Ω ≫ γ. It is interesting to compare it with
the opposite limiting case. For Ω ≪ γ the
rectangular ”pi pulse” defined by Eq. (14)
lasts much longer than the relaxation time
γ−1. Therefore during the most part of the
pulse the initial state of the system is already
ignorable, and the difference between the se-
quence of long ”pi pulses” and the continuous
pump field is unimportant. The spectrum of
radiation of the two-level system under the
influence of the continuous monochromatic
field has been calculated by Mollow [13]. For
Ω ≪ γ and the pump frequency that equals
that of the transition, ω0, the power spectrum
in our notation has the form
P (ω) =
Ω2
2γ2
[
2piδ (ω − ω0) +
2Ω2γ
(∆2 + γ2)2
]
,
(22)
where δ(z) is the Dirac’s delta-function. The
first term in the brackets describes the scat-
tering of the pump radiation with unchanged
frequency. Only the second, incoherent term
can be interpreted as a spectrum of the
”spontaneous” emission by the atom that
is excited by a weak resonant field. The
term ”spontaneous” in this case may be too
stretched, since the atom in the continuous
monochromatic field can hardly be consid-
ered a secluded one. However, if one accepts
this interpretation of the incoherent term,
then it may be noted that for large |∆| it
follows the inverse quartic law, similar to our
Eq. (20). Pushing the interpretation further,
we may say that for the spectral distribution
given by the incoherent term the Zeno time
and the quantum jump time happen to be
equal: τZ = τJ = Γ
−1.
In conclusion, we have demonstrated that
the line shape of the radiation, spontaneously
emitted by an atom excited by a strong
pi pulse is Lorentzian only in the domain
of frequency detunings that do not exceed
the Rabi frequency of the pulse, |∆| < Ω.
For larger values of |∆| it falls off much
faster. For the transition with the fre-
quency ω0 = 3.5 · 10
15 s−1 and the momen-
tum matrix element p12 = 1.6·10
−20 g cm s−1
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the spontaneous emission rate is Γ = 1.3 ·
107 s−1. The condition Ω = 10γ corre-
sponds to the intensity of the rectangular pi
pulse I = 92 mWcm−2 and to its duration
θ = pi/Ω = 47 ns. In these conditions for the
Lorentzian line shape approximately 6% of
the emitted photons must have frequency de-
tunings |∆| > Ω. The observation of shortage
of these photons seems to be accessible to the
modern spectroscopic experiment.
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